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Distributed Optimization

e distributed optimization, roots trace back to

— Dangtiz & Wolfe, 1960
— Tsitsiklis, 1984

e the most common algorithms

— standard gradient + gossip-type averaging, Nedic & Ozdaglar, 2009
— methods relying on problem structure

* dual decomposition methods

x primal decomposition methods

* alternating direction method of multipliers (ADMM)
* dual averaging methods

* block-coordinate methods
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DISTRIBUTED OPTIMIZATION IN FUTURE WIRELESS
SYSTEMS
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Distributed Optimization

e already been studied for decades

— decentralized radio resource management
— distributed estimation in sensor networks

— many others
e recently been an overwhelmingly appealing requirement

— invasion of machine learning to wireless network designs
— centralized, big data, toward massive, distributed “small” data
— “collective network intelligence”: intelligence is pushed at the edge

— machine learning over wireless (Federated Learning, McMahn, 2016)
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DISTRIBUTED OPTIMIZATION: KEY IDEA
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Distributed Optimization: Main Steps

e setting

— finitely many subsystems (e.g., hospitals)

— they have a common goal (e.g., design a classifier to detect cancers)
e distributed solution method

— subsystems make local decisions/computations
— subsystems coordinate through a thin protocol

— above steps are iteratively performed
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Distributed Optimization: Main Steps
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Convergence of the Algorithm?

UNDER REASONABLE CONDITIONS
CONVERGENCE IS GUARANTEED!

\Chathuranga Weeraddana
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SOURCES OF INEXACTNESS
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Inexact Steps of the Solution Method

e errors at local decisions

e errors at the coordination

Chathuranga Weeraddana
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Errors at Local Decisions
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Errors at Local Decisions

e approximation errors
e subproblem solver accuracy

e carly termination of subproblem algorithms
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Errors at the Coordination
5
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Errors at the Coordination
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Errors at the Coordination

Chathuranga Weeraddana
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Errors at the Coordination

noise
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Errors at the Coordination

e quantization errors
® measurement errors
e noise induced by wireless channel

e errors due to fading
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Convergence of Inexact Algorithms?

CONVERGENCE IS NoT GUARANTEED
IN GENERAL!
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Research Directions

e convergence under inexact settings?
— convergence to a neighborhood of the optimality?

e rate of convergence?
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TECHNICALITIES: DUAL DECOMPOSITION IN THE
CONSIDERED PROBLEM SETTING

Chathuranga Weeraddana
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PROBLEM FORMULATION
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Problem Formulation

minimize > ", fi(2)
suijct to ze€)
e global consensus optimization problems
e m : number of subsystems (SS)
e f; :IR" — IR : cost function at subsystem i
e common goal is to solve () i.e., compute an optimal solution z*
e subsystems want to solve (1)) in a distributed manner

— we apply dual decomposition methods

Chathuranga Weeraddana 24
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An Equivalent Problem (Decomposition)

Y1 \'p Y3

e the public variable is z

e v, € IR" : a local versions of the public variable z

®ole,y1=Yo='"=Ym, =Z

Chathuranga Weeraddana

25


https://chathurangaw.staff.uom.lk/index.html

The Equivalent Problem Formulation

n;iln.i.rnyize fyi, - ym) = 221 fi(yi)

subjectto y; €Y, t=1,...,m (2)
Yi = Yi+1, r=1,...,m—1

e vy, € IR" : a local versions of the public variable z
e dualize the last set of constraints

— introduce Lagrange multiplier \; e R", i =1,...,m —1
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The Dual Function and the Dual Problem

e Lagrangian is given by

m m—1
Ly1, - yms A) = Zfi(Yi)‘|‘ Z A (Yi—Yit1)
i=1 i=1
e dual function is given by

m—1

g(A) = inf Z filya)+ > A (yi—yit1)

i€V, 1=1,....m P
_ ] . . - . T .
= ; jnf fily)+ (N — Xim) Ty -
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SOLVING THE PROBLEM
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Computations to be Conducted

e solving the problem: perform in an iterative manner

— primal variable update, i.e., y;s

— dual variable update, i.e., \;s

Chathuranga Weeraddana
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PRIMAL VARIABLE UPDATE (EXACT)

Chathuranga Weeraddana
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Primal Variable Update

e given A1,...,\;_1

e the following problem is to be solved

miniymize ZZ Jilya)+ Zm 1>\T( —Vit1)
subject to y; € ), ied{l,...,m}

e note that the Lagrangian minimization splits or decomposes

e thus it can be performed completely independently, e.g., in parallel
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DUAL VARIABLE UPDATE (EXACT)
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Dual Variable Update

® given yi1,...,¥Ym

A:=AA+~d

e d e R"™ ™V is a subgradient of the dual function at A

e more specifically, we have

A/

Chathuranga Weeraddana
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Y2 —Y3
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SOLVING THE PROBLEM IN A DISTRIBUTED MANNER
A FEDERATED SETTING (EXACT)
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A Federated Setting

downlink
_y "
1 2 3

e a machine learning setting where SSs (clients) collaborate

e PS is called the parameter server (a central server)

e the coordination is done by PS

Chathuranga Weeraddana
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Local Decisions at Subsystem 7

downlink

uplink PS

e recall.. the problem of Lagrangian minimization decomposes

e thus, given A\; and \;_1, SS ¢ perform its own primal variable update:

Y; :=— arg min fZ(Vz)—I-()\Z — )\Z'_l)TV,L' (8)
v, ey
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Subsystem Coordination

downlink
—— UPliNk

e subsystem ¢ transmits y; to PS (uplink)
e PS updates A by using y;s

e PS broadcasts A to all the subsystems (downlink)

Chathuranga Weeraddana
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SOLVING THE PROBLEM IN A DISTRIBUTED MANNER
A SETTING WITH LOCAL COMMUNICATIONS (EXACT)

Chathuranga Weeraddana
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A Fully Distributed Setting

— OUtQ0ING
incoming

Cessmma I—l— I

e a machine learning setting where no central authorities

e SS ¢ communicate with its neighbors © — 1 and 7 + 1

Chathuranga Weeraddana

I+1

39


https://chathurangaw.staff.uom.lk/index.html

Local Decisions at Subsystem 7

outgoing
incoming

e given A;, A\i_1, Vi—1, Yit1

e perform the own primal variable update:

y; ;= argmin  f;(v;)+(X; — Xi_1)'v;
v, ey

Chathuranga Weeraddana
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Local Decisions at Subsystem 7

outgoing
incoming

® given A\;, A\i_1, Yi—1, Yi+1

e perform the dual variable update:

i+1

Ai— Ai— i—1— Yi
(3 )= 50 ) ()
1 2nx1 (2 YZ YZ—i-l
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Subsystem Coordination

— OUtQ0ING
incoming

Vi Yi

Cessmma I_l_ I

Yi-1 Yi+1

- I

e subsystem ¢ transmits y; to subsystems ¢ — 1 and 7 + 1

e subsystem 7 receives y; | and y;. from subsystems ¢ — 1 and 7 + 1

Chathuranga Weeraddana
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SOLVING THE PROBLEM IN A DISTRIBUTED MANNER
A FEDERATED SETTING (INEXACT)
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Local Decisions at Subsystem 7

® given >\z and >\'L'—1

e perform the own primal variable update:

Sfi — |(arg min fz(vz)+(>\z — )\i_l)TVZ' -+ €; (].O)
v, €Y
=YyiTE€ (11)

e assumptions can be imposed on €;, e.g., ||€;]| is bounded
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Subsystem Coordination

downlink
—— U liNK

PS

2/ \3

e subsystem ¢ transmits y; to PS (uplink)

e PSreceivesy, =y, + &, =(y; +€)+ & =y + (6, + &)

e assumptions can be imposed on &, e.g., ||§;]| is bounded

e PS update and broadcasts A to all the subsystems (downlink)
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SOLVING THE PROBLEM IN A DISTRIBUTED MANNER
A SETTING WITH LOCAL COMMUNICATIONS (INEXACT)

Chathuranga Weeraddana
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Local Decisions at Subsystem 7

e given A;, \;_1, and quantized vectors Q(y;_1), Q(yii1)

e perform the own primal variable update:

}_fz' — |(arg min fz(vz)‘|‘(>\z — )\i_l)TVZ' —+ €; (12)
v, €Y
=YiTE€ (13)

e assumptions can be imposed on €; , e.g., ||€;|| is bounded

e for simplicity suppose, €; = 0 for all ¢
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Local Decisions at Subsystem

e perform the dual variable update:

Chathuranga Weeraddana
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Subsystem Coordination

— OUtQ0ING

incoming
Qly)) Qly) <
........ I — 1 | I I + 1
Q(yi-1) Q(yi+1)

e subsystem i quantizes y; to yield Q(y;)
e quantization distortion £, = Q(y;) — y;

— assumptions can be imposed on §; , e.g., |

Chathuranga Weeraddana

&;|| is bounded
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Subsystem Coordination

— OUtQ0ING
incoming

Qly)) . Qly)

Q(yi-1) Q(Yi+1)

e subsystem ¢ transmits Q(y;) to subsystems ¢ — 1 and ¢ + 1

e subsystem i receives Q(y; 1), Q(y;11) from subsystems i — 1, ¢ + 1

Chathuranga Weeraddana
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General

Assumption 1: Closedness
The set ) and the functions f;s are closed.

Assumption 2: Absolute Deterministic Distortion

The distortion r; associated with y;, t =1,...,m, k € Z(}r Is bounded
by €; € IR, I.e,

Irill <eiy i=1,....,m, keZi.

Assumption 3: Strong Duality

The optimal values p* and d* of primal problem (2) and the dual
problem, respectively, are attained. Moreover, strong duality between
holds, i.e.,

p=fy") =d". (14)
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Specific

Assumption |: Strongly Convex Objectives at SSs

The functions f;s in problem (2) are strongly convex with constant
wi >0, 1=1,...,m.

Assumption ll: Gradient Lipschitz Continuous Objectives at SSs

The set ) in problem (2)) equals IR". Moreover, f;s are differentiable

and the gradients V f;s are Lipschitz continuous on IR"™ with constant
L;>0,2=1,...,m.
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MAIN RESULTS:
CONVERGENCE IN DuAL DOMAIN

Chathuranga Weeraddana
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Corollary 1

Suppose Assumption 1, Assumptions 2, and Assumption | hold. Let
{AP) be the sequence of Lagrange multipliers generated. Moreover,
suppose i satisfy the nonsummable step size rule with 0 < v, < 1/L,
where Ly = (1/u) (2 4 2cos(w/m)) and p = min; p,.Then

1. i j VgAD)| <e.
1Q§pmﬁyﬂﬂ gA) < e

2. for vy =v/(k+ 1)P, where 0 < vy <1/Lpand 0 <p <1,

fO 1

i [VeAD)=q VAT
0,

| Viog k

+e, pelol)

+e€ p=1,

and the best convergence rate is of the order O(1/vk), which is
achieved when p = 0, i.e., the fixed step size.
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A Geometric View, m = 3, n = 1, Quantized with 5 bits
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MAIN RESULTS:
CONVERGENCE IN PRIMAL DOMAIN

(NOoT NECESSARILY FEASIBLE)

Chathuranga Weeraddana
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Suppose Assumption 1, Assumptions 2, Assumption 3, and Assumption |
hold. Let {)\(k)} be the sequence of Lagrange multipliers and {y(’“)}
be the corresponding sequence of primal variables generated. Moreover,
suppose that the functions f;, ¢ = 1,...,m are differentiable. Let
satisfy the nonsummable step size rule with 0 < v, < 1/Lj. If the
distance to the dual optimal solution [A*) — X*|| is uniformly bounded
by some scalar D, then

1. limsup min ||y® —y*|| < pi(e), where pi(e) — 0 as € — 0.
i i€{0,....k}

2. limsup {%ﬁnk} (f(y(i)) — f(y*)) < p2(€), where pa(e) — 0 as
k 1€10,...,
e — 0.

Chathuranga Weeraddana
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MAIN RESULTS:
CONVERGENCE IN PRIMAL DOMAIN

(A FEASIBLE POINT)
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Suppose Assumption 1, Assumptions 2, Assumption 3, and Assumption |
hold. Let {A®} be the sequence of Lagrange multipliers and
{Sf(k)} be the corresponding sequence of primal variables, and
y&) = (1/m) (Lpxm ® I,) y*) be the resulting feasible points.
Moreover, suppose that the functions f;, « = 1,...,m are differentiable
and the distance to the dual optimal solution |A*) — X*|| is uniformly
bounded by some D. Let v satisfy the nonsummable step size rule with
0 <9 < 1/Lh. Then

lim su min v — y*|I < ps(e),
3 o i€{0,...,k} Iy Yl < ps(e)

where ps(e) — 0 as € — 0.
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Effect of p and Quantization (b) on Dual Convergence

Effect of choice of p on the dual convergence
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Effect of p and Quantization (b) on Primal Convergence

Effect of choice of p on the primal convergence . Effect of choice of b on the primal convergence
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Conclusive Remarks

e benefits of distributed machine learning (ML) algorithms

— to pervade every stratum of society

— an appeal to investigation of how
* the existing/future wireless systems & the learning processes?
x many imperfect settings
* what are the consequences/limitations of those?

— ML over wireless mobile telephony systems

— designing wireless systems for ML

— an overwhelmingly appealing and timely area of research

Chathuranga Weeraddana 64


https://chathurangaw.staff.uom.lk/index.html

THANK YOU ©

aaaaaaaaaaaaaaaaaaaaa


https://chathurangaw.staff.uom.lk/index.html

	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


