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Lecture 1: Overview
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Course Information

▶ Lectures: in weekends, 4 hours/week, 10 weeks

▶ Key Objectives:

▶ formulate a given design spec into a mathematical
optimization problem

▶ apply the knowledge of convex analysis to tackle the problem

▶ applications in communication and signal processing
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Course Information

▶ Course Website: moodle of UoP ?

▶ Textbooks:

▶ indicated in the lecture notes/slides whenever necessary

▶ Evaluation of Performance:

▶ assignments, quizzes: 30%

▶ final examination: 70%
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What is the Relevance of the Module

▶ used in many different fields, e.g.,

▶ engineering

▶ inventory control

▶ transportation

▶ economics

▶ marketing

▶ artificial intelligence

▶ machine learning
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Things Necessary

▶ we go over (first phase of the lectures) the essential
elements of

▶ vectors and matrices (linear algebra topics)

which act as the basis for the rest of the topics of the module

▶ i.e.,

▶ topics under mathematical optimization



6/29

Key Reference Books
▶ K. Binmore and J. Davies, Calculus, Cambridge University Press, 2012

[Binmore-2012]

▶ S. Boyd and L Vandenberghe, Introduction to Applied Linear Algebra Vectors,
Matrices, and Least Squares, Cambridge University Press, 2018, [Boyd-2018]

▶ C. D. Mayer, Matrix Analysis and Applied Linear Algebra, SIAM, 2000,
[Mayer-2000]

▶ G. C. Calafiore and L. E. Ghaoui, Optimization Models, Cambridge University
Press, 2014, [Calafiore-2014]

▶ E. K. P. Chong and H. Stanislaw, An Introduction to Optimization, A John
Wiley & Sons, Inc., Publication, 2013, [Chong-2013]

▶ S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, U.K.:
Cambridge Univ. Press, 2004, [Boyd-2004]

▶ R Hammack, Book of Proof, 2009, [Hammack-2009]

▶ there can be some more
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An Application
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Image Compression

▶ consider the 225× 225 gray-scale 1 image

original image

1Each pixel in the image is represented by an integer value yi in the range
[0, 255].
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Image Compression
▶ least absolute shrinkage and selection operator (LASSO) to

compress the image

original image compressed factor = 1% compressed factor = 8%

compressed factor = 26% compressed factor = 50% compressed factor = 78%
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LASSO

▶ how the LASSO is designed ?

▶ the underlying mathematics

▶ OPTIMIZATION !
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LASSO as an Optimization Problem
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LASSO: Problem Formulation

▶ recall, we have a 225× 225 gray-scale image

▶ it is represented by a vector y = [y1, y2, . . . , yn]
T ∈ IRn

▶ note that n = 50625

▶ for an appropriate dictionary matrix, one can represent y as

y = Ax,

▶ A is a n× n matrix, x is a n-vector

▶ simply y is obtained by linearly combining columns of A, the
recipe is x !
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LASSO: Problem Formulation

▶ linearly combining columns of A to form y, the recipe is x

y

= ×

A

x
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LASSO: Problem Formulation
▶ do we really need all the columns of A to reconstruct the

image y ? YES !, if no losses are allowed

y

= ×

A

x
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LASSO: Problem Formulation
▶ however, we may get an approximation to y if columns of

insignificant contribution are eliminated

y

≈ ×

A

0

0

0

x



14/29

LASSO: Problem Formulation

▶ so roughly speaking, the problem is to

▶ ‘approximate’ y by Ax

▶ by letting x to be sparse

▶ sparsity of x is the key to image compression

▶ technically, the optimization problem is

minimize
x

||y −Ax||2
subject to ||x||1 ≤ r,

where r ∈ IR is a parameter to decide the level of compression
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Optimization
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What is Optimization

▶ in its abstraction, optimization is to minimize a function f0
over a set F

▶ recall...in the case of LASSO

▶ f0(x) = ||y −Ax||2 : the objective function

▶ F = {x | ||x||1 ≤ r}: the feasible set

▶ x is called the decision variable
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Geometric Interpretation
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Geometric Interpretation
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A Formulation

▶ a general formulation of an optimization problem

minimize
x

f0(x)

subject to x ∈ F

▶ the decision variable is x

▶ depending on the application, f0 and F is changed

▶ f0 encodes what we want to optimize

▶ F encodes the underlying constraints
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A Formulation

▶ can all optimization problems be efficiently solved ?

▶ No !

▶ there is a general class of problems which are efficiently solved

▶ called convex optimization problems
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Convex Optimization
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Convex Optimization Problems

▶ what makes an optimization problem a convex optimization
problem ?

▶ determined by the characteristics of

▶ F

▶ f0(x)
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Characteristics of F

▶ the line segment through any distinct points in F should lie
in F

▶ condition above holds =⇒ F is said to be convex
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Characteristics of f0(x)

x x

▶ domain of f0 should be convex

▶ the chord through any distinct points on the graph of f0
should lie above the graph

▶ conditions above hold =⇒ f0 is said to be convex
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Convex Optimization Problems

▶ thus, roughly speaking, if

▶ F is convex

▶ f0(x) is convex

▶ then the underlying optimization problem is convex
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Importance of Convexity
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Importance of Convexity

▶ a fundamental property of convex optimization problems:

▶ any local solution is also a global solution

▶ optimality criterions can be specified

▶ by using the optimality criterions, closed form solutions are
achieved in many circumstances

▶ e.g., water-filling algorithm
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Importance of Convexity

▶ by using the optimality criterions, efficient algorithms can be
designed to find the solution

▶ e.g.,

▶ unconstrained optimization: gradient descent algorithm,
steepest descent algorithm, Newton’s method

▶ equality constrained optimization: Newton’s method with
equality constraints

▶ constrained optimization: interior-point method
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Importance of Convexity

▶ iterative algorithms can be designed to find the solution, even
in the case of large scale problems

▶ ADMM

▶ proixmal algorithms

▶ iterative algorithms can be designed to for decentralized the
solution methods

▶ decomposition methods

▶ ADMM

▶ proixmal algorithms
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Importance of Convexity

▶ the algorithms aforementioned are gracefully implemented in
many software packages

▶ a popular one is

▶ CVX, matlab software for convex optimization

▶ for a complete list, you may refer to the stanford website,
http://web.stanford.edu/~boyd/software.html

http://web.stanford.edu/~boyd/software.html
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Many Application Domains

▶ machine learning

▶ information retrieval

▶ engineering design

▶ economics

▶ finance

▶ management
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Why Convex Optimization

▶ many application domains

▶ massive data sets =⇒ optimization is a crucial component of
the emerging field of data science

▶ many problems in statistics and machine learning =⇒ in the
framework of convex optimization

▶ can be considered as ‘must know’ area for engineers


