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LECTURE 7: ELEMENTARY QUEUING THEORY II



Places to Read

» see [Kleinrock, § 3]



EQUILIBRIUM SOLUTION



Equilibrium Solution

> let us explore the limiting behaviour of these equations

» define !
é .
pr = Jim Py(t) (1)

» pi: the limiting probability that the system contains &
members (or equivalently is in state k)

> let us assume the above limit exists and proceed 2

'Here the notation is different to 7x(t) and 7y used in lecture slides set 5,
page 29, even though they carry the same meaning.
2See Appendix for necessary and sufficient conditions.
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BIRTH-DEATH QUEUEING SYSTEMS IN EQUILIBRIUM



Equilibrium Solution



Equilibrium Solution

we can concisely present equations that define the equilibrium
solution as

0= —(Me + fk)Pk + Ao—1Pk—1 + pk1Pkt1, kK €Z - (2)

where we adopt the convention that A1 = A_o=--- =0,
M0:M_1:M_2:-~-:0, andp—l :p_2:---:0

in addition we have the conservation relation:

d k=1 (3)
k=0



Computing the Solution

P recursion yields

AgA
pr = SR po—poH k=0,1,2,... (4)

Hipe2 - i—0 /J'z-‘rl
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Computing the Solution

» you may validate the solution (4) by substituting it in (?7)

» conservation relation (3) can be used to compute py, i.e.,

1
po = o kT, (5)
N
k=1 i—0 Mit1

> the equations (5) and (4) are used in the rest of this lecture



ELEMENTARY QUEUES



M/M/1, THE CLASSICAL QUEUING SYSTEM



P> we already discussed !



M /M /oo, INFINITE NUMBER OD SERVERS
(OR RESPONSIVE SERVERS)



A A A A A
P S Lemm~
1 24 cl (c+1)p (c+2)p

» there are infinitely many servers
» another interpretation: the server is responsive

» unlimited waiting room
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A A A A A
3 z:«,—"‘ ‘ ' ==~ E N
It 21 o (c+1)p (c+2)p

» here we have

A=A k=0,1,...
we = ku k=1,2,...



Existence of Equilibrium Solution

» necessary and sufficient conditions for the existence of
equilibrium probabilities {py.}: 3

A< i

> let p=A/p

3Recall the sums S and S» in appendix of the previous lecture.
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Equilibrium Solution

> from (4), we get

A
Pk pog i+ u
ION
= - k>
"k (u) ’ ’
» from (5), we get
1
Po = = exp (—A/p)
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Equilibrium Solution

» thus, we have

po=¢€ "’

» moreover,

pr=pppte? k=012,
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Average of No. of Customers

» average number of customers N

N = Z k)pk
k=0

=p
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Variance of No. of Customers

» variance of the number of customers 012\,:

(k= p)*pr

o
0

I
=T
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Average Waiting Time

» let T denote the average time spent in the system
> \: average customer arrival rate

P apply Little's law:

» thus we have
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M/M/¢, ¢ NUMBER OF SERVERS



M/M/c

A A A A A
/.—-L /____\
i 21 cp c cp

» there are ¢ servers

P unlimited waiting room
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A A A A A
3 z : LT - ‘ ' ==~ E N
I 20 L cp i

» here we have



Existence of Equilibrium Solution

» necessary and sufficient conditions for the existence of
equilibrium probabilities {py }:

A<cp

> let p = A/(cp)
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Equilibrium Solution

» from (4), for k < ¢ we get

k—1 A
pk:pog(i—f—l)ﬂ

_1
_pok!,u

» similarly, for k > ¢ we get
c—1 k—1
A A

(Y
P T ke L
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Equilibrium Solution

» further simplification yields

P =
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Equilibrium Solution

» from (5), we get

1
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Average of No. of Customers

» average number of customers N

N = Z k‘pk
k=0

= some cumbursome EXpI’ESSiOHS
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Variance of No. of Customers

» variance of the number of customers 012\,:

ok =Y (k—p)°ps
k=0

= some cumbursome expressions
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Average Waiting Time

> Little's law can be used to compute T’



Erlang’s C' formula

» associated with M /M /c queues
» this computes a probability of wide use in telephony

» it is the probability that no server is available for an arriving
customer in a system of ¢ servers *

» usually denoted by C'(¢c, \/p)

*From a telephony point of view, trunks play the role of servers and calls
play the role of customers.
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Erlang’s C' formula

» thus, we have

Cle; A p)

(1>

P[no servers available for an arriving customer|

[
[
[an arriving customer is forced to join the queue]
= D kzc Pk

— _ k
=15 om=1-poXp A

Plan arriving customer has a nonzero wait in queue]
P




27/47



Erlang’s C' formula
» let us compute C'(c, \/p)

c—1
CleMm=1-pY L)
k=0 ’

(6) 1 cp)¢ 1

© ¢ | Ll 1
po ¢l 1—p

_ . (ep) 1

B

- —1
o (ep) [ (ep) (cp)°
S cl(l-p) 2 p)]
W &S/
k

Tel(l-p) |4
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M/M/1/K, FINITE STORAGE



M/M/1/K

A A
:: /——-L
o )

A A
Iz I

P system can accommodate only K customers

» there is one server
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M/M/1/K

A A A A
m—t
I 1 I I
» any further arrivals depart immediately with no service (i.e.,
they are refused)

» refused customers are considered to be lost

» K =1 — no waiting room — blocked calls cleared system
with a single server
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M/M/1/K

A A A A
m—‘
Iz 1t iz Iz

» here we have
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Existence of Equilibrium Solution

P> system is always ergodic
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Equilibrium Solution

» from (4), for k < K we get

» for k£ > K we have
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Equilibrium Solution

» from (5), we get

K -1
= |1+
S ()
_{ M=\ >] -
1= X/p
1=\
L= (A&
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Equilibrium Solution for M/M/1/1

» here we have a blocked call cleared system with one server

P by substituting pg in pg expressions, we get

( 1 —
1+ p k=0
— A
p - pu—
k T+ /i k=1
L 0 otherwise



M/M/¢/¢, c-SEVER LOSS SYSTEMS



M/M/c/c

oNoNoNoNo

P> a blocked call cleared system with ¢ server
P> system can accommodate only ¢ customers

» any further arrivals depart immediately with no service (i.e.,
they are lost)



M/M/c/c

A

m— ‘ ‘
(c—1)

241

» this has been of great interest in the area of telephony
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M/M/c/c

oNoyoloRe

(c—1)u

» here we have
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Existence of Equilibrium Solution

P> system is always ergodic
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Equilibrium Solution

» from (4), for k < ¢ we get

» for &k > ¢ we have
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Equilibrium Solution

> from (5), we get
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Erlang’s B formula

» note that p. describes the fraction of time that all ¢ servers
are busy

» the formula for computing p. is referred to as Erlang’'s B
formula, i.e.,

e
P Sy e )
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M/M/1, witH FINITE M CUSTOMER POPULATION



M/M/1 with Finite M Customers

» only one server

» no longer a Poisson input process with an infinite user
population

P a finite population of possible users

> a customer is either

» in the queue
> at the server

» outside, in some ‘arriving’
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M/M/1 with Finite M Customers

MA (M — 1) 2 A
m—‘
I Iz Iz I
P the chain is ergodic
» equilibrium solutions exists

» can be computed by using the standard procedures we
adopted earlier
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M/M /oo, WiTH FINITE M CUSTOMER POPULATION



M/M /oo with Finite M Customers

» infinitely many servers

» no longer a Poisson input process with an infinite user
population

> a finite population of possible users

> a customer is either

» in the queue
> at the server

» outside, in some ‘arriving’
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M/M /oo with Finite M Customers

oNONCECNO

(M —1)p Mpu
P the chain is ergodic
» equilibrium solutions exists

» can be computed by using the standard procedures we
adopted earlier



M/M/¢/K, witH FINITE M CUSTOMER POPULATION
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M/M/c/K with Finite M Customers

| 4

>

only ¢ number of servers
system can accommodate only K customers
we have c< K < M

no longer a Poisson input process with an infinite user
population

a finite population of possible users

a customer is either in the queue, at the server, or outside, in
some ‘arriving’

standard procedure applies for computing equilibrium solution



