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LECTURE 6: ELEMENTARY QUEUING THEORY I



Places to Read

» see [Kleinrock, § 3]



A Prelude

» reading assignment

> § 1.2.7 of [Shortle]: discuss Kendall notation for queueing
processes

» § 1.4 upto § 1.4.1 (inclusive) of [Shortle]: Little's law

> § 1.5 of [Shortle]: some general results



BIRTH-DEATH QUEUEING SYSTEMS IN EQUILIBRIUM



Birth-Death Processes

» birth-death processes

» a special case of a Markov process
P transitions only to neighbouring states
P the time between births are exponentially distributed

P the time between deaths are each exponentially distributed



Basic Equations of Motion

» dynamics of the probability system

dPy(t
;t( ) (M A+ o) Pre(t) + A1 Br1 () + prrey1 Py (8), B> 1
dli(l)t(t) = —XoPo(t) +mPi(t), k=0 (1)

» solution gives the transient behaviour of the queuing process
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Basic Equations of Motion

the solution become quickly unmanageable for sophisticated
birth-death coefficients

it is not always possible to solve for Py(t)

even if solved, the solution can be cumbersome — usefulness
is questionable

thus it is natural to check the behaviour when ¢ — co
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EQUILIBRIUM SOLUTION
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Equilibrium Solution

> let us explore the limiting behaviour of these equations

» define !
é .
pr = Jim Py(t) (2)

» pi: the limiting probability that the system contains &
members (or equivalently is in state k)

> let us assume the above limit exists and proceed 2

'Here the notation is different to 7x(t) and 7y used in lecture slides set 5,
page 29, even though they carry the same meaning.
2See Appendix for necessary and sufficient conditions.
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Equilibrium Solution

» from (1), as t — oo, we have

0= —(Me + fk)Pk + No—1Pk—1 + Pkt 1Pkt1, k> 1
0= —Xopo + p1p1, k=0 (3)
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Equilibrium Solution

we can concisely present (3) as

0= —(Me + pk)Pr + Ao—1Pk—1 + phs1Pkt1, K €L (4)

where we adopt the convention that A1 =X o =--- =0,
/‘1/0:#—1:”—2:”.:01 andp_l :p—Q:"':O

in addition we have the conservation relation:

d =1 (5)
k=0
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Equilibrium Solution
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» equilibrium equations (4) directly from that diagram above

» flow rate into state k = flow rate out of state &

> e.g., state 2: )\1]91 + H3ps = ()\2 + ,LLQ)pQ
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Equilibrium Solution

Ao
1

I

> in general we have

Ak—1DPk—1 + Ph1Pk+1 = (Ak + fr) Dk
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Equilibrium Solution

Ao
1

I

» equivalent equilibrium equations for (4)?

» flow across the boundary between adjacent states

P> e.g., boundary between 1 and 2:  Aip; = pops

)\1 >\2
6_\ /
ﬁ*
\
2 M3 o
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Equilibrium Solution

Ao
1

I

> in general we have

Ak—1Dk—1 = MkDk
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COMPUTING THE EQUILIBRIUM SOLUTION



Equilibrium Solution

» both (6) and (7) can be used to get the equilibrium solution



14/28



Computing the Solution

solve for p; in terms of py by using (7)

ie.,
Ao
pP1=—"npo
M1

solve for po in terms of p; by using (7)

ie.,

M Al Ao AoA1
P2=—pP1=— —DP0o=

2 M2 1 12

Po

recursion yields

)\0)\1
Pk = po = Do I |
M2 - =0 ,U1+1

k=0,1,2,...
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Computing the Solution

» you may validate the solution (8) by substituting it in (6)

» conservation relation (5) can be used to compute py, i.e.,

1

po = po——— (9)
Ai
vl

» the equations (9) and (8) are used in the rest of this lecture
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ELEMENTARY QUEUES



M/M/1, THE CLASSICAL QUEUING SYSTEM



M/M /1

» birth-death coefficients:

A=A k=0,1,2,...
L = k=0,1,2,...

> average interarrival time ¢ = 1/

> average service time z = 1/u
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Existence of Equilibrium Solution

» necessary and sufficient conditions for the existence of
equilibrium probabilities {py}: 3

A< p

3See the sums S; and S, in appendix.
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Equilibrium Solution

> from (8), we get
k—1
A
Pr = Po H -
izo M

AN F
= Po () ) k Z 0
i
» from (9), we get
1 L

A
B Z N H
! <M>
k=1

> let p=A/p, notethat 0 < p <1

Po
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Equilibrium Solution

» thus, we have
pp=1—p>0

» moreover,

e=0-pp* k=0,1,2,...
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Average of No. of Customers

» average number of customers V:
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Variance of No. of Customers

» variance of the number of customers 0']2VZ

ox =Y (k= N)’p
=0

(1-p)?
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Average Waiting Time

» let T denote the average time spent in the system
P> \: average customer arrival rate

> apply Little's law:

» thus we have

SV SN €Y/ N R ¢ V/%)

1
1—p X 1—-(\/p X 1—p
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Average Waiting Time

» draw T' Vs p
> as p — oo system grows in an unbounded fashion

» this behaviour is experienced in almost every queuing system
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Other Parameters

average of number of customers N, in the queue
expected queue size of non-empty queues
waiting time distribution

will be explored in a viva session !



APPENDIX



Existence of the Solution

> define the following summations:

00 \i
D

k—0 i=o Hitl

3 ( )
">
k=0 M1 ZZO Mz‘frl

H>




Existence of the Solution

» a classification:
all the states are ergodic <= 57 < 00,52 = 0

all the states are recurrent null < 51 = 00,5 = 00

all the states are transient <— S| = 00,55 < 00
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Existence of the Solution

> ergodic case gives rise to the existence of equilibrium
probabilities {py }

> a sufficient condition for ergodicity:
Ak
d kg such that V k£ > kg, — < 1
27

» the above condition is true within the scope of this lecture



