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LECTURE 5: CONTINUOUS-TIME MARKOV CHAINS



Places to Read

» see [Kleinrock, § 2.4]

» see [Ross-3, § 6.1-6.3]



CONTINUOUS-TIME MARKOV CHAINS



Continuous- Time Markov Chains

» consider a stochastic process X (t) where t € R

> ¢ denotes the continuous-time

» X(t) takes on a finite or countable number of possible values
> those are denoted by set of positive integers {1,2,...}

» if X (t) =i, the process is said to be in state i at time ¢
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Continuous- Time Markov Chains

» suppose we have
P[X(t—i—s) =7 ‘ X(s)=i,X(u)=2z(u),0<u< s}
:P[X(t+s) =j ‘ X(s) :z'] (1)
for all steps s,y > 0 and for all possible values (states)

» such a stochastic process is known as a Continuous-Time
Markov Chains



Continuous- Time Markov Chains

» the development of the theory for continuous time parallels
that for discrete time

P recall.. time the process stay in the current state:

» geometrically distributed in discrete-time Markov chains

» exponential distributed in continuous-time Markov chains



TRANSITION PROBABILITIES



Transition Probability

P define time-dependent transition probability:
p,-j(s,t)éP[X(t):j‘X(s):i], s<t (2)

» compare the above with multi-step transition probability in
the case of nonhomogeneous DTM Chains !

!See (21) in the Appendix, page (31).



Transition Probability

» follow the derivation (22) in page (31)

» by using similar arguments, we can derive
Chapman-Kolmogorov equations for CTM chains



CHAPMAN-KOLMOGOROV EQUATIONS



Transition Probability

» we have

» (4) is called Chapman-Kolmogorov equations for CTM chains



TRANSITION PROBABILITY MATRIX



Transition Probability Matrix

» define

H(s,t) = [pij(s,t)]

» then (4) can be written in matrix form:
H(s,t) = H(s,u)H (u,t), s<u<t (5)

> we require that H(t,t) =1



TRANSITION RATE MATRIX



Transition Rate Matrix Q(?)

» recall the 1-step transition probability matrix P[n]| for DTM
chains 2, i.e.,

Pln] = Hin,n+1] = [pij [, n + 1]}

» for CTM chains the one-step transition probabilities are
replaced by infinitesimal rates

» to this end let us define

P(t) = |:pij (t,t+ At>:| = H(t, t+ At)

2See the Appendix, pages 32-33.



Transition Rate Matrix Q(?)

» recall the 1-step transition probability matrix P[n| for DTM

3 e,

chains
Pln] = Hin,n +1] = [pij [, n + 1]}

» for CTM chains the one-step transition probabilities are
replaced by infinitesimal rates, which are the elements of Q(t)

3See the Appendix, pages 32-33.



Transition Rate Matrix Q(?)

» to find Q(t), let us first define

P(t) £ [pij(t, t+ At)] = H(t,t + At)



Transition Rate Matrix Q(?)

» then consider the difference of H(s,t + At) and H(s,t): 4

H(s,t + At)

— H(s,t)

*See (5).

S

H(s tYH (t,t 4+ At) —
6 (H(t,t + At) —
(P ~1)

S

H(s,t)
-1)

(6)



Transition Rate Matrix Q(?)

» next divide (6) by At and let At — 0, i.e.,

. H(s,t+At)— H(s,t) . Pt)—-1
A, Al — e 0 A
O _ s o) )

ot



Transition Rate Matrix Q(?)

» note the definition of Q(t):

A g P(t)—1
Q) = lim —7

» from (8) we have

. pii(t,t—l- At) -1
AN |
ai(t) = lim, At

. pij(t,t-l-At)
(1) & lim = ——2
a(8) = lim =

;o LF

> note that }, g;;(t) = 0 for all

(10)



Interpret Q(?)

» diagonal elements, ¢;;(t)

—qii(t) At + o(At) = 1 — py(t,t + At)
=1-P[X(t+At)=1i| X(t) =1
P given that the system is in state ¢ at time ¢, the conditional

probability that a transition occurs to any state other than i
during the interval (t,t + At)

» —q;;(t) — the rate at which the process departs from state ¢
when it is in that state



Interpret Q(?)

» off-diagonal elements, ¢;;(t)

qij (t)At + O(At) = Dij (t, t+ At)
=P[X(t+At) =3 | X(t) =1
P given that the system is in state ¢ at time ¢, the conditional

probability that a transition occurs to state j during the
interval (¢,t + At)

» g;;(t) — the rate at which the process departs from state 7 to
state j when it is in state 7



FORWARD AND BACKWARD EQUATIONS



Chap.-Kolmog. Equations, Matrix Form

» the forward Chapman-Kolmogorov equation for the CTM

chains is °
8H(§f’t) — H(s,)Q() s<t (11)
» similarly, the backward Chapman-Kolmogorov equation for the
CTM chains is
Ma(f’t) C _Qs)H(s,t)  s<t (12)

®See (7).



Chap.-Kolmog. Equations, Matrix Form

» the solution to either (18) or (12) is

H(s,t) = exp [ / t Q(u)du} (13)



Chap.-Kolmog. Equations, Scalar Form

» the forward Chapman-Kolmogorov equation for the CTM
chains is

81) (s, t
U(‘)(t) = i (Opij(s,t) + ) arj(Opin(s,t) s <t
k#j
» similarly, the backward Chapman-Kolmogorov equation for the
CTM chains is

Opii(s,t
U( ) = *q“ pzy S, t qu pk] S, t s<t
ot k#j



TRANSIENT BEHAVIOUR



Transient Behaviour

» recall for nonhomogeneous DTM chains ©

™ = 7O H0,n]
» similarly for nonhomogeneous CTM chains we have
m(t) = m(0)H(0,t)

where
7(t) £ [my(t) m2(t) 73(t) ---] and

®See (25), in the Appendix, page 37.

(14)

(15)



Transient Behaviour

» note from (20) that (15) is equivalent to

(t) = 7(0) exp [ /0 t Q(u)du]

» the matrix differential equation corresponding to above

equation is
dm(t)
dt

=7 (t)Q(?)

» the scalar form is given as

dm;(t )
ét() GiOm) + Y aOme(t)  j=1,2,...
k#j



HoMOGENEOUS CTM CHAINS



No Dependence upon Time

» in this case we drop the dependence upon time

» accordingly the following definitions are useful:

pij(t) = pij(s,s +1)
aij = ai; (t)

H(t) £ H(s,s +t) = [pi;(1)]
Q= Q(t) = [gi]



CHAPMAN-KOLMOGOROV EQUATIONS



Chapman-Kolmogorov Equations

» Chapman-Kolmogorov equations become

ng s+ t szk pkj (16)

» compare the above with (4)

» in matrix matrix form we have
H(s +t) = H(s)H () (17)

» compare the above with (5)



FORWARD AND BACKWARD EQUATIONS



Forward and Backward Equations

» the forward Chapman-Kolmogorov equation for the
homogeneous CTM chains is

dH (t)

—= =H(t 18
= = H1)Q (18)

» similarly, the backward Chapman-Kolmogorov equation for the
homogeneous CTM chains is

dH (1)

== an) (19)



Forward and Backward Equations

» the solution to forward/backward equation is

H(t) =exp [ Qt ] (20)



Forward and Backward Equations

» the forward Chapman-Kolmogorov equation for the
homogeneous CTM chains is

dpij(t
th ) q;5Pij () + Z Pk (t)
k#j

» similarly, the backward Chapman-Kolmogorov equation for the
homogeneous CTM chains is

dpij(t
d]t( ) _ qiipij (t) + Z GikPr; (1)
Py




TRANSIENT BEHAVIOUR



Transient Behaviour

» the matrix differential equation for homogeneous CTM chains

dm(t)
dt

=7(t)Q

» the scalar form is given as

dm;i(t '
cjlt() = qimi(6) + Y ayme(t) =12,
iy



Transient Behaviour

for an irreducible homogeneous Markov chain the following
limit always exists:

lim p;;(t) = 7;

t—00

the limit is independent of the initial state of the chain

we further have

Jim 7 (t) = 7

m; forms the limiting state probability distribution



Limiting Distribution

» limiting distribution is given as the solution of *

4575 + quﬂk =0 and Zm =1
k#j i

» the matrix form of the above is given by

Q=0 and 1Tw=1

"The forward equation can be used to derive this.



APPENDIX
NONHOMOGENEOUS DTM CHAINS



Multi-Step Transition Probability

» multistep transition probabilities: define
pijlm,n] £ P[X, =j | Xpn =] (21)
—ZP n =17 X —k"Xm—z}

=Y P[Xp=j | Xg=k|P[Xg=k | Xp =]

= pixlm, dlprslg, n] (22)

k

» (22) is called Chapman-Kolmogorov equations for DTM chains



1-Step Transition Probability Matrix

> 1-step transition probability matrix P[n] at time n

» define
Plal £ [pnn-+ 1]

» in the case of homogeneous DTM chains
» Pln]=P foralln

» n-step transition probability matrix was P™

» however, for nonhomogeneous DTM chains, the above do not
hold



Multi-Step Transition Probability Matrix

» define
o, = [yl

» note: H[n,n + 1] = P|n]
» (22) can be written in matrix form:
Hlm,n] = H[m,q|H[g,n], ~m<qg<n

» we require that H[n,n| =1



EXPRESS H[m,n] IN TERMS OF Pn]



Forward Chapman-Kolmog. Equations

» let ¢ =n —1in (22) above

pij[m,n] = Zpik[m, n— 1]pk]‘[n —1,n]
k

» matrix form is simply

H[m,n| = H[m,n —1])H[n — 1,n]
= H[m,n — 1]P[n — 1] (23)



Backward Chapman-Kolmog. Equations

> let ¢ =m+ 1 in (22) above

pij[m,n] = Zpik[m,m + 1pgj[m + 1,7]
k

» matrix form is simply

H[m,n] = H[m,m + 1]H[m + 1,n]
= P[m|H[m + 1,n] (24)



Express H|m,n| in terms of P[n]

» (23) or (24) — for nonhomogeneous DTM chains, we get

H[m,n] = Plm|Pim +1]--- Pln — 1], m<n-—1

n—1 martrices here

» recall for homogeneous DTM chains, we had

H[m,n| = (n — m)-step probability = P"™™



TRANSIENT BEHAVIOUR



Transient Behaviour

» recall for homogeneous DTM chains
70 — (=1 p
» similarly for nonhomogeneous DTM chains we can obtain
7™ = 7=V plp — 1]
P recursion yields

7™ = 7O Plo]P[1]--- P[n — 1)) (25)

H[0,n]




