YANGON TECHNOLOGICAL UNIVERSITY
FiNAL EXAMINATION - SEPTEMBER 2019
Introduction to Mathematical Optimization

(Two Hours)

INSTRUCTIONS TO CANDIDATES:

1. This is an open-book examination.

\)

. The notation is consistent with that used in lectures.

w

. This paper has 3 questions.
4. An additional 10 minutes reading time is given.

5. Answer all questions.

(=}

. This paper contains 3 pages.

QUESTION 1 (CONVEXITY OF SETS AND FUNCTIONS) «-cvvvvrvevrneeannnans [32pts]

(1) Which of the following sets are convex? Justify your answer.

(a) S ={Az | z € R"}, where A € R"™*". [8pts]
(b) § = S US,, where S = {(z1,72) € R? | 21 — 22 +1 > 0,29 > 0} and
So = {(z1,9) ER? | 11 — 23+ 1 < 0,29 < 0}. [8pts]

(c) & ={(z,t) e R"" | ||z[]> < t}.
Hint: You may use the triangular inequality |la + b||a < ||al|2 + ||b]|2, where
a € R" and b € R™. [8pts]

(2) Consider the function f(z) = 2T Pz, where P is a positive definite matrix, i.e., P > 0.
Show that f is convex by restricting it to a line. [8pts]



QUESTION 2 (KKT OPTIMALITY CONDITIONS) «««ccveveeereeenenenentnanan.. [30pts]

Consider the quadratic optimization problem

minimize z'P7lz + ¢z +r

subject to [ <z <X u,

where the decision variable is € IR?,

1 0 —10 -1 2
, Q= , r=206, I[|= ,and u = ,
09 —2/3 0 1

and the vector inequality < above is to be intended elementwise.

pP—

(1) Sketch the feasible set. [8pts]

(2) Determine geometrically the optimal solution z* and the optimal value p* of the

problem (T]). [5pts]
(3) Derive the KKT optimality conditions for the problem above. [8pts]

(4) Let A € R? and fi € IR? denote the Lagrange multipliers associated with the
constraint [ —z < 0 and z—u =< 0, respectively. It is given that A = (0,0), iz = (6,4/9)

are dual optimal. Derive the point Z that satisfy the KKT conditions [5pts]
(5) Does z* = 7 hold 7 Justify your answer. [4pts]
QUESTION 3 (LAGRANGE DUALITY) ............................................ [38pts]

Consider the following convex optimization problem

minimize aTz

subject to % 2T Pz <0,

with variable z € IR?. The real 2 x 2 matrix P is symmetric and positive definite. Moreover,

is given that a € IR%.

(1) Let A € R denote the Lagrange multiplier associated with the constraint. What is
the Lagrangian L(x, \) associated with the problem (2)) 7 [4pts]
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(2) Argue why the Lagrangian dual function g is unbounded below if A <0, i.e., g(\) =
—oo for A <0. [6pts]

(3) Let us denote by x(\) the minimizer of L(x,\) for A > 0. In other words, z(\) =
argmin L(z, ), A > 0. Show that [6pts]

zeR"
() = 1 P!
Xz = h\ a.

Hint: Compute the gradient of L with respect to x.

(4) By using part (2) and part (3) above, show that the Lagrangian dual function g is

given by [8pts]
1
—— (10\* +a" P! A>0
g =4  2A (103" +a"P )
—00 otherwise.
(5) Derive a dual problem associated with problem (2)). [4pts]

(6) If the matrix P and the vector a are given by

2 3 1
Y a = Y
3 5 1

show that \* = 1/4/10, where A\* is the dual optimal solution of the Lagrange dual

pP—

problem of part (5). Determine the optimal solution z* and the optimal value p* of
problem (2)). [10pts]

Hint: Compute the gradient of g with respect to \.

END OF THE QUESTION PAPER



