Mathematical Optimization, Assignment 2

YTU, Myanmar 2019

Problem 1

Consider the problem
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minimize 6 (21 )"+ 4(332 ) (1)
subject to 1+ 22 — 1 =0,

where the decision variable is z = (21, x2) € R?. Graphically solve (1) to find the optimal
solution z* € IR? and the optimal value p* of the problem.

Problem 2

Let us now solve optimization problem (1) above by eliminating the linear equality con-
straints. This is a standard method done in general to eliminate linear equality constraints
in an optimization problem. You may refer to p. 132 of Ref-3 for more details. The key
idea is to first, parametrize the set of solutions of the underlying linear equality constraints
to yield an equivalent problem to the original problem, and then to solve the equivalent
problem. Particularize to problem (1), we first need to parametrize the solution set
of x1 +x9 = 1.

1. Let 9 = . Express x7 in terms of a.

2. By using «, parametrize the solution set of x1 + x5 = 1. In other words, what is x;
in terms of o and x5 in terms of o.

3. Express the objective function of problem (1) in terms of .

4. Show that problem (1) now can be equivalently expressed as an unconstrained op-
timization problem, where the decision variable is a.

5. Determine the optimal solution a* of the unconstrained optimization problem in
part 4 above.

6. By using o* in part 5 above, determine z7 and z3, the optimal solution for prob-
lem (1).

Problem 3

Let us now solve optimization problem (1) above by using the Lagrangian machinery.
This problem takes you in the steps so that some glimpses of the theories are highlighted.
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1. Let v € R, & = (x1, 22), and define the function L : R x R — IR as

1

(21— 22 + Sy — 1)2> + vz 479 — 1), (2)

L(z,v) = ( 1

which is called the Lagrangian ' associated with problem (1). Compute the gradient
of the Lagrangian with respect to x = (xq,15) € R?, i.e.,

OL(x,v)
Val(n,v) = | of ()
81'2

Note that the Lagrangian L of problem (1) is convexr with respect to x, because it
is quadratic in x. By setting the gradient V,L(z,v) equal to zero, compute the x
that minimizes the Lagrangian.

2. Let 2(v) = (z1(v), x2(v)) denote the solution of part 1 above. Substitute z1(v) and
x9(v) in the equality constraint z; + x5 — 1 = 0 of problem (1) to determine the
parameter v. In other words, compute v such that z1(v) 4+ x2(v) — 1 = 0.

3. By substituting the v computed in part 2 above, determine x(r). Compare your
result with the solution z* of problem (1) that you computed in Problem 1.

Note that the Lagrangian machinery is an extremely important area in mathematical op-
timization theory. The machinery is applied in general to any mathematical optimization
problem. You may refer to § 5 of Ref-3 for more details.

!The Lagrangian in the case of general constrained optimization problems is discussed in § 5.1.1, Ref-3.
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