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LECTURE 6: OPTIMIZATION PROBLEMS: A
GEOMETRICAL POINT OF VIEW



Recall from Lecture 1

what is optimization?

we have decision variables, say x € IR"
we have an objective; a function fy of z
there are constraints as well

constraints are again characterized by using functions of x

> equality constraints: g;(x) =0, i=1,...,p

> inequality constraints f;(z) <0, i=1,...,m



Feasible Set

the x should be an element in the domain of all the functions,
ie.,
z e (N%y dom f;) N (MY, dom g;) =D

consider the set F of points x € D that satisfies the
constraints, i.e.,
F={zeD|g(x)=0g(x)=0,...,9p(x) =0,

the set F is called the feasible set or the constraint set of the
underlying optimization problem

what is needed is to select x € F that achieves the best
objective value



Feasible Set

» determine the feasible set for
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exercise 1:

exercise 2:

exercise 3:

exercise 4:

exercise b:

exercise 6:

exercise 7:

exercise 8:

folz) =22 filx) =z —1, fo(z) = —220—4
fo(z) = 22, fi(z) = sin(z) — (1/2)

folz) =log(x), fi(z) =z +1

fo(z) =log(z + 1), fi(z)=2—1



Standard Problem Formulation

problem can be formulated as

minimize  fo(x)
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fi()

INA
=
=

WA
3

decision variable: x
objective function: fy(x)
equality constraint: g;(z) =0, i=1,...,p

inequality constraint: f;j(z) <0, i=1,...,m



Unconstrained Optimization

» let us first check the case without constraint functions

> exercise 9: decision variable is x € IR
minimize x
> determine the feasible set F

> compute the gradient V fo(z)

> draw the graph of fy and mark the gradient V fy(x) on the
dom fy

» mark the direction on the domain that one needs to walk in
order to minimize the function

» what is the optimal value p* and optimal solution z*



Unconstrained Optimization

» perform the same for

> exercise 10: fo(x) = 22 + 1, decision variable is z € R

> exercise 11: fo(z) = 22, decision variable is z € R

> exercise 12: fo(z) = log(x — 1), decision variable is © € R
(

> exercise 13: fo(z) = 322 + = + 1, decision variable is z € R



Unconstrained Optimization

> let us consider unconstrained optimization with functions
on IR?

> exercise 14: fo(x) = x1 + z2, © € R?
» determine the feasible set F

» compute the gradient V fo(z)

» draw F, the level sets of fy and mark the gradient V fo(x) on
the dom fj

» what is the optimal value p* and optimal solution x*



Unconstrained Optimization

» perform the same for

> exercise 15: fo(z) = ¢'x, 2 € R? ¢=(2,1)

> exercise 16: fo(z) = ||z||?, » € R?

> exercise 17: fo(x) =aTaz +¢Tx+1, 2 € R?, ¢ = (1,1)

> exercise 18: fo(z) = 2T Pz +q¢ 'z + 1, z € R? ¢ = (0,0), and

s )



Equality Constrained Optimization

P let us check the case together with equality constraint
functions on IR

> exercise 19: decision variable is x € R
minimize x
subject to 2z + 3 =0,
» determine the feasible set F
> compute the gradient V fy(x)
» draw the graph of related functions, e.g., fo, ¢1

» what is the optimal value p* and optimal solution z*



Equality Constrained Optimization

» perform the same for the following: here x € R

» exercise 21: fy

> exercise 23: fy

(
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> exercise 22: fo(x) = 2%, g1(x) =z —1
(
> exercise 24: fo(
(

> exercise 25: fy



Equality Constrained Optimization

» let us check the case together with functions on IR?

> exercise 26: fo(z) = z1 + x2, g1(z) = ||z — (1, 1)"2 —4
» determine the feasible set F
» compute the gradient V fo(z)

» draw F, and the level sets of f;

» what is the optimal value p* and optimal solution z*



Equality Constrained Optimization

» perform the same for the following:

> exercise 27: fo(r) = ¢Tx, ¢ = (-2,1),
gi(@) =llz = (LD =4, g2(2) = [[lz = (1,2)|]* - 1
> exercise 28: fo(z) = ||z||?, g1(z) = 221 + 22 — 1,
g2(x) =x1 + 20— 1

> exercise 29: fo(z) =2Tx +q¢ x4+ 1, gi(x) = 21 + 20 — 1,
where ¢ = (1,1),

> exercise 30: fo(z) =aTPr+q¢laz+1, gi(z) =21 + 22 — 1,
where ¢ = (0,0), and
1 0
r=|y i



Constrained Optimization

P recall: in this case equality as well as inequality constraint
functions are there, i.e., the standard problem formulation

> exercise 31: solve the following problem graphically

minimize z' Pz +q¢" 2 +1
subject to sTz — (1/2) =0,
1Tz -1<o0,



