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LECTURE 11: SIGNALS IN WHITE GAUSSIAN NOISE



References

» the discussion is essentially based on [§ 4, Wozencraft-1965],
[§ 4.3, Bigliery-2008], [§ 5 Wozencraft-1965]



Channel Encoder: A Layering
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Waveform Channel

: - t
discrete : bits to v | signals to BB to s(t)

output of ———— d signals f passband
encoder : wavforms
: G} (si(H)}

source encoder

binary interface : channel
: . & r(t
input to <«— ] discrete . signals u waveforms passband ®)
decoder : to bits fuil to signals to BB
M k2

source decoder



Vector Channel
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Vector AWGN Channel
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Vector AWGN Channel

» noise vector is w € RY is given by
w = (wy,ws, ..., wN)

> the receive vector is » € RY and signal vector s € R are
related by
r=s+w



COMPUTE CONDITIONAL PROBABILITY DENSITY
FuNcTIONS



Compute p, s

conditional probability density functions p;(s—,,
i=0,1,...,M — 1 are to be computed

the simple relation » = s + w, together with that w a random
vector with pdf p,, entails that

pr(r | s=8;) =puw(r—s; | s=s;)

= pw(r - Si)

the last equality follows from that s and w are independent



Compute p, s

what is py,, the noise density ?

the coefficients of a WGN process in any orthonormal
expansion are iid Gaussian, see page 41 of lecture slides
EN5601-4

thus N components of w are statistically independent, zero

mean, Gaussian rvs, each with variance o2, i.e.,

B 1 1 2
Pu(w) = W P\ 752 [|w]]



Compute p, s

» therefore, we have

1 1 )
pr(r|s=s) = W exp ~5,2 [|r — s



MAP ror VECTOR AWGN CHANNEL



MAP Rule

recall: on observing r = p, set u(p) = uy whenever

Plug) pr(p | s = sp) = Pluil pr(p | s =s:)  Vi#k
the above rule is equivalent to: set 4(p) = uj whenever
l|p—sk|[? =202 In Plug] < ||p—sil|* =202 In Plu] Vi # k

in the case of equi-probable symbols, i.e., Pu;] = Plu;] for
all 4,5 € {0,1,...,M — 1}, the MAP — ML

ML rule: set 4(p) = ux whenever

lo—sell < llo—sill Vi



DEcIsioN REGIONS FOR VECTOR AWGN CHANNEL



Decision Regions

» discuss the idea with an example



PROBABILITY OF ERROR FOR VECTOR AWGN
CHANNEL



Probability of Correct Decision

» once the decision regions {Z;} are determined, as expression
for the conditional probability of correct decision follows

» we have

P[C]uk]:P[TGIkMLk]:/ pr(r| s=s;) dr

Tk



Probability of Error

» thus the probability of error is simply

Pl =1-3300" P[C | wi] Plug]



Equivalent Signal Sets

P signal sets can be equivalent by virtue of their geometric
configuration

» but different geometrical configurations may also be
equivalent in terms of P[£], e.g.,

P> rotation

» translation



Rotation and Translation

» the probability of s; + w falls within Z; is unaffected if s; and
Z; are translated together through signal space

» why? noise is additive and is independent of the signal
» the same probability is unaffected if Z; rotates about s;

» why? noise is spherically symmetric



Rotation and Translation

@ w




Minimum Energy Signal Set

» the probability of correct decision is invariant to translation

» but the aforementioned translation affect the energy required
to transmit each signal

> let s;(t) denote the passband real signal whose vector
representation is s;

» the energy L, is given by

B, :/ (1) dt = ||sil > # |lsi — all,

— 00

where a is a nonzero translation on s;



Minimum Energy Signal Set

» what is optimal a such that the average energy E;(a)

M—-1

Eg(a)= ) Plu]||s — al

k=0

is minimized 7
M-1
m|n|m|ze g Pluy] ||sx — a|?

» equivalent to letting a be the centroid of the signal set



Peak Signal Energy Constraints

P suppose there is a constrain on the peak energy El,ax
permitted for any signal point, i.e.,

> maxp ||Sk||2 S Emax



Minimum Energy Signal Set

A P2




Probability of Error

» discuss pp. 12-20 of lecture slides EN5601-8



