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INTRODUCTION
(B1G PICTURE)



Solve Network Flow Problems

’ Network Flow Algorithms ‘

v v

General Purpose Algorithms Special Network
e.g., Interior-Point, Simplex Optimization Algorithms
v v v
Primal Cost Improvement Dual Cost Improvement Auction
Algorithms Algorithms Algorithms

» primal cost improvement: construct negative cost simple cycles
along which flow can be pushed while being capacity feasible

» dual cost improvement: solve the dual problem to find optimal
prices, which are connected to the optimal primal flows via CS

» auction: reminiscent of real-life auctions which generate a
sequence of prices, which are connected to primal flows via e—CS



Why Auction is Preferable to Others

» admits a totally asynchronous implementation
» well suited for implementation on parallel machines

> even in the asynchronous case optimality is guaranteed under
mild assumptions

Bertsekas, D. P., and Castafion, D. A., 1991. “Parallel Synchronous and
Asynchronous Implementations of the Auction Algorithm,” Parallel Computing,
Vol. 17, pp. 707-732.



ASSIGNMENT PROBLEM
(BRIEF OUTLINE)



Assignment Problem

» recall: Min-Cost Flow < assignment problem

persons, i objects, j i J i J

(D

®

graph representation a complete assignment a partial assignment, S



Assignment Problem

v

recall: Min-Cost Flow < assignment problem

» assignment problem (primal):

maximize Z Q5 T4q5
(i,5)€A
subject to > zi;=1,Vi=1,...,n
{l(i,5) €A}
zi; =1, Vji=1,...,n
{il(i,5) €A}

» dual problem:
minimize Y qi(p) + > p;j , where
i=l:n j=lin
i = ma: a;; — Pj
4 (p) jeAé){ j —Pj}
» CS condition:

@ij; :jrggé){am -pj}, Vi=1,...,n.



NAIVE AUCTION FOR
ASSIGNMENT PROBLEM



Naive Auction

> it resembles the real-life auctions

» bidder i increases the price of its best object (say j;) so that
he/she is indifference between j; and the second best object

» the algorithm relies on the CS condition:

aij; — Pj; :j?,?(f){a” -pj}, Vi=1,...,n.



Naive Auction

partial assignment with CS

o initialization
ajj, = maxjcay{ai; —pit, V(7)) €S

check if any unassigned
persons (potential bidders)

selectianlunassigneds select a bidder and find
ji = argmax o = wal the best object for it
\ ]e (I J | @i —pi = maxXjeam{ai; —ps}
( N

assign % to j; and unassign

) ) ) assignment/unassignment
person (if any) who was assigned to j;

Y

% increases the price of j; ) ) )
price increase by the bidder

pj, = Pj; + Vi




Naive Auction

price Increase by the Bidder i
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Naive Auction

» drawback: naive auction does not always work

» if bidding increment is 0 = problems, algorithm goes in cycles



Naive Auction

example: any person can be assigned to any object

@O——>@ initial price = 0
Here a;; = C > 0 for all (i,5) with i = 1,2,3
@——() initial price = 0 and j = 1,2 and a;; = O for all (4,4) with
i=1,2,3and j =3
® (3  initial price = 0
P1 0 0 0 0
P2 0 0 0 0
P3 0 0 0 0
bidder 3 2 3 2
object 2 2 2 2
increment (;) 0 0 0 0
O—0 | O—0 | —0 | &—0 )
® ® O ® ® O never ending cycles
assignment o o|lo olo o]lo o aichcicatcd




AUCTION ALGORITHM FOR
ASSIGNMENT PROBLEM



Auction Algorithm

> it resembles the real-life auctions

» bidder i increases the price of its best object (say j;) at least
by €

> the algorithm relies on the e—CS condition:

aiy —pj = max{ai; —pj =€ Vi=l..on.

JEA(
T

a perturbation mech-

anism is introduced



Auction Algorithm

ajj, = max;jeay{ai; — Pt

partial assignment with CS

v (i,5) € 8

TOP

No

any unassigned 7

-
select an unassigned 4
ji = argmax {a;; — p;}
JEA(D)
\ l
( e X .
assign % to j; and unassign
person (if any) who was assigned to j;
=
s

7 increases the price of j;
Pj; = Pj; T Vi

Vi = Ui — wi o+ o€

initialization

check if any unassigned
persons (potential bidders)

select a bidder and find
the best object for it

aij; — pj; = maX;jeau){ai; —pj}

assignment/unassignment

price increase by the bidder



Auction Algorithm

price Increase by the Bidder i

Vi = ma(x){az‘j —pj}—  max {ay —p;}+e
1

JjeA JEA(4),j#]i
Vi w;
before after before after before after
Vi @ V2
v @ w2 (2 2
Vi
wi () i 3
D 3!
® 5 5
® 3 3
®
® @ (le ng

bidder 7 person 1 person 2



Auction Algorithm

» algorithm terminates
» solution upon termination satisfies e—CS

» suboptimality is bounded

Proposition

If at least one feasible assignment exists, the auction algorithm ter-
minates with a feasible assignment that is within ne of being optimal
(and is optimal if the problem data are integer and € < 1/n).

Proof:

See pp 256-257 of the textbox.



Auction Algorithm

example: any person can be assigned to any object

O——(@) initial price = 0
Here a;; = C = 3¢ > 0 for all (,7) with
@——() initial price = 0 i=1,2,3and j = 1,2 and a;; = 0 for all
(i,4) with i =1,2,3 and j = 3
® (3  initial price = 0
p1 0 0 2¢ 2¢ de 4e
P2 0 € € 3e 3e 3e
p3 0 0 0 0 0 €
bidder 3 2 1 3 2
object 2 1 2 1 3
increment (7;) | 3e—3ete=e | 3e—2ete=2¢ | 2e—ete=2¢ | e—O+fe=2¢ | 0—Ofe=c
>—0 ® o O—0
® 0 @/® g><g ® /0 ®
assignment ®/@ ®/® ® 0 f©) §><@




Auction Algorithm

» approximate coordinate descent interpretation

» will be discussed in an exercise

» dealing with infeasibility

» will be discussed in an exercise



Auction: Variants and Extensions

> variants:

1. Gauss-Seidel version: bidding is done by one unassign person
and the object is assigned to the bidder (good for serial
computing environments)

2. Jacobi version: bidding is done by many unassign person and
the object is assigned to the highest bidder (good for parallel
computing environments)

» extensions: reverse auction algorithm

» identical to normal algorithm with the roles of persons and
objects are reversed



AUCTION ALGORITHMS FOR
Min-CosT FLow



Auction Algorithm, Min-Cost Flow

» c—relaxation method (our main focus)

» auction/sequential shortest path algorithm (ASSP)



Auction Algorithm, Min-Cost Flow

> the algorithm relies on the e—CS condition:

pi—pj <aj;+e V (Z,]) € A with Tij < Cij
Pj — Di < Qj; — €, \ (],’L) € A with bji < Tjj

Pi —Dpj N




Auction Algorithm, Min-Cost Flow

some terminologies ...
given any flow z the surplus g; of node 7 is
2

gi = Sq — ( Z ij
{71(i,5) €A}

divergence

- > sz‘)
{31(G,1)e A}

given (x,p) with e—CS, arc (i.j) is

eT-unblocked if p; = pj+a;;+€ and z;; < ¢

€ -unblocked if p; = pj —aj;+€ and bj; < xj;

candidate list of node i: outgoing arcs (4, ) that are
eT-unblocked and incoming arcs (j,7) that are e -unblocked



Auction Algorithm, Min-Cost Flow

v

key idea ...

» given a pair (z,p) satisfying e-CS

v

34 such that g; > 0

v

associated with this node 7, only two possibilities:
» candidate list (CL) is nonempty = push up/down z;;/xj;

» CL is empty = make a price change = CL become nonempty

gi = 8 — (T2 — T14)

1 P10 > bii o @iz < iz 5 push up ;2, i.e., an e -unblocked arc
Q =2 'O push down x1;, i.e., an ¢ -unblocked arc
result = reduce g; to zero as desired

9gi




Auction Algorithm, Min-Cost Flow

given (z, p)

3 i with g; > 07

* YES

select either
No

candidate list of i= () ‘ (1) an outgoing arc (i, j)

(2) an incoming arc (j,1)

(1) 2

increase price of node %

A

Pi = minq min((; j)ja;<ey) ij TP5HE
push up x;; push down z;;

Ming(,i)|z53>b5} Pi ~ @5i + € by & = min{g;, cij — @i;} by & = min{g;, z;; — bjs}




Auction Algorithm, Min-Cost Flow

» algorithm terminates
» solution upon termination satisfies e—CS

» suboptimality is bounded

Proposition

Assume that the minimum cost flow problem is feasible. Then the e-
relaxation method terminates with a pair (x, p) satisfying e-CS. The
flow vector z is feasible, and is optimal if e < 1/N.

Proof:

See pp 308-310 of the textbox.



Auction Algorithm, Min-Cost Flow

example: will be discussed in an exercise



Questions?

Thank Youl

For more questions:

chatw@kth.
themisc@kth.
carlofi@kth.
michael.rabbat@Omcgill.

se
se
se
ca


chatw@kth.se
themisc@kth.se
carlofi@kth.se
michael.rabbat@mcgill.ca

